A theory where the gravitational, Maxwell and Dirac fields (mathematically represented as particular sections of a convenient Clifford bundle) are supposed fields in Faraday's sense living in Minkowski spacetime is presented. In our theory there exist a genuine energy-momentum tensor for the gravitational field and a genuine energy-momentum conservation law for the system of the interacting gravitational, Maxwell and Dirac fields. Moreover, the energy-mometum tensors of the Maxwell and Dirac fields are symmetric, and it is shown that the equations of motion for the gravitational potentials is equivalent to Einstein equation of General Relativity (where the second member is the sum of the energy-momentum tensors of the Maxwell, Dirac and interaction Maxwell-Dirac fields) defined in an effective Lorentzian spacetime, whose use is eventually no more than a question of mathematical convenience.
Introduction
In this paper we present a theory where the gravitational, Maxwell and Dirac fields are intepreted as fields in the Faraday sense living and interacting in Minkowski spacetime structure (M,g,D, τg , ↑ e0 ) (see Appendix A). The Lagrangian density 1 of these fields are postulated and their energy-momentum tensors are evaluated. All fields in our theory are mathematically described by sections of a particular and convenient Clifford bundle Cℓ(M, g) (see Appendix A) which is used as a mathematical tool. In particular the gravitational field is represented by its gravitational potentials g a , a = 0, 1, 2, 3. It is very important to emphasize here that in our theory we have a genuine 1 Natural units are used in this paper.
energy-mometum conservation law for the interacting system of the gravitational, Maxwell and Dirac fields. Moreover, the energy-momentum tensor of the Dirac field in the presence of the gravitational field is symmetric. It is also very important to emphasize that the formulation of our theory does not use at any time any connection defined in M . However, we may interpret the structure (M, g, D, τ g, ↑ e0 ) (where D is the Levi-Civita connection of g = η ab g a ⊗g b , τ g, = g 0 g 1 g 2 g 2 ∈ sec r T * M ֒→ sec Cℓ(M, g) defines a positive orientation for M and ↑ e0 defines a time orientation, given by the global vector field e 0 ) as a Lorentzian spacetime representing a gravitational field generated by the matter energy-momentum tensor as in General Relativity theory.This statement is proved by showing (see details, e.g., in [14] ) that the equation for the gravitational potentials g a generated by the energy-momentum tensor of the Dirac and Maxwell fields (and their interaction) is equivalent to Einstein equation in General Relativity theory. This result is particularly since it permit us to conclude that the energy-momentum tensor of the Dirac field in our theory is symmetrical (see Appendix B). Also, with the introduction of the structure (M, g, D, τ g, ↑ e0 ) in our theory it is possible to encode the energy-mometum 1-form fields for the gravitational field coming from the awful Eqs.(11) and 16 in a simple and nice formula as given by Eq.(23). The paper has three sections and three appendices. In Section 1 we present the Lagrangian densities for the coupled gravitational, Maxwell and Dirac fields. In Section 2 we present the energy-momentum1-forms for the gravitational, Maxwell and Dirac fields and the energy-mometum 1-forms for the interaction between the Maxwell and Dirac field. Section 3 present our conclusions. Appendix A presents the notations we used and recall some results important for the intelligibility of the paper. As already said above the detailed evaluation of the energy-momentum 1-forms for the Dirac field is given in Appendix B. Finally in Appendix C we use the nice formula Eq.(23) to evaluate the energy of the Schwarzschild gravitational field for a star of mas M and radius greater than its Schwarzschild radius.
Lagrangian Densities and Equations of Motion for the Coupled Gravitational, Maxwell and Dirac Fields
The Lagrangian density for the coupled gravitational, Dirac and Maxwell fields is:
With g a ∈ sec 1 T * M ֒→ sec Cℓ(M, g), a = 0, 1, 2, 3 we have 
Also, with
and with ψ ∈ Cℓ 0 (M, g) a representative in the Clifford bundle of a DiracHestenes spinor field (once a spin frame is fixed)
where the symbol L(g k ) is defined in the Appendix B (see Eqs.(59) and (60)) and m is the mass of the fermion field. The interaction Lagrangian density between the Dirac and Maxwell field is
where e is the charge of the fermion field and A ∈ sec 1 T * M ֒→ sec Cℓ(M, g) is the electromagnetic potential such that F := dA ∈ sec 2 T * M ֒→ sec Cℓ(M, g). In our theory it is supposed that at least one of g a is not closed, i.e., dg a = 0, for some a = 0, 1, 2, 3. Putting F d = dg d .the equation of motion for the gravitational potentials are obtained from the variational principle. We have
where
is the Euler-Lagrange functional and
will be called the energy momentum 3-forms of the matter fields of the matter fields. One can show 4 that the equations of motion for the gravitational potentials coming from ⋆ g d = 0 are:
with
Moreover, putting F a := dg a , it is of course, dF a = 0 and the field equations (Eq.(10)) can be written as
So, we have
Also, it is very much important to recall that introducing the Levi-Civita connection of g = η ab g a ⊗ g b into the game one can show with some algebra (details, e.g., in [14] ) that
3 We suppose that Lm does not depend explicitly on the dg a . 4 Details may be found, e.g., in [14] where
) are the Einstein 1-form fields, with
where R dk are the components of the Ricci tensor and R is the scalar curvature in the structure (M, g, D, τ g, ↑ e0 ).
With this result we immediately infer from Eq.(10) that writing
an of course we must also have:
However it is not the case that in general t dk = t kd . See Section 3.1.
Remark 1 It is crucial to emphasize here that the introduction of a Lorentzian spacetime structure (M, g, D, τ g , ↑ e0 ) to get Eq. (20) is to be viewed as simple a mathematical aid, no fundamental ontology is given to that Lorentzian structure Indeed, it has been shown in details, e.g., in [9, 11, 13] that our theory of the gravitational field may be interpreted as generating spacetime structures with general connections where curvature torsion and non metricity tensors may be non null.
Also, we recall that the equations of motion for the Dirac and Maxwell fields are respectively (see, e.g., [14] for details of the derivation)
and
Remark 2 It is very important to observe that the objects t da = η ac η dl t c g g l are components of a legitimate gravitational energy-momentum tensor tensor
Also it is worth to take into account that
i.e., the energy-momentum tensor of the gravitational field is in general not symmetric. As observed in [14] this is important in order to have a total angular momentum conservation law for the system consisting of the gravitational plus the matter fields. In Appendix C we present t da for the Schwarzschild solution of Einstein equation in order to show that it is a viable quantity to really describe the energy momentum tensor of the gravitational field. In that example it is clear that t 12 = t 21 .
Maxwell Energy-Momentum 1-forms
We recall moreover that the energy-momentum 1-forms
and writing
Maxwell-Dirac Interaction Energy-Momentum 1-forms
The energy-momentum 1-forms MD T a are trivially calculated. We have
Dirac Energy-Momentum 1-forms
The calculation of the Dirac energy-momentum 1-forms is trick and is presented in Appendix B. We found
Also, it is wort to emphasize that in our theory we have a genuine conservation law for the energy-momentum of the matter plus the gravitational field. Indeed it follows from Eq.(15b) that
Finally, it is worth to emphasize that since our spacetime manifold is parallelizable it its possible to defined a legitimate energy-momentum covector for the matter plus the gravitational field 6 , namely
Conclusions
In his paper we present a coherent relativistic theory of the gravitational, Maxwell and Dirac fields in interaction. In our theory field equations and the corresponding energy-momentum tensors of the fields are obtained from the variational principle through postulated Lagrangian densities for those fields and their interactions. All fields are intended as fields in Faraday's sense living in a Minkowski spacetime structure. The energy-mometum tensors for the Maxwell and Dirac fields are symmetric and it is recalled that the equations satisfied by the gravitational potentials are equivalent to Einstein equation of General Relativity in an effective Lorentzian spacetime structure (M, g, D, τ g, ↑ e0 ) which differently from the case of General Relativity is not supposed to have any ontology, it is used in the paper only as a tool to obtain an important mathematical result need for the construction of the energy-mometum tensor of the Dirac field and to obtain a short formula (Eq.(23)) for the energy-momentum of the gravitational field whose derivation from the gravitational Lagrangian density produces a somewhat awful (but of course, correct) formula (see Eq. (19) and Eq. (16)). Moreover, the viability of our formula for really representing the energy-momentum of the gravitational field is shown by explicitly evaluating it for the Schwarzschild field of a star of mass M and radius much greater than its Schwarzschild radius.
[ 
A Notations and Recall of Some Results
In this paper M designs a 4-dimensional manifold diffeomorphic to R 4 whose elements are called events. If {x µ }, µ = 0, 1, 2, 3 are global coordinates for M , {e µ }, e µ = ∂ ∂x µ ∈ sec T M are global smooth vector fields and we denote denote by {θ µ = dx µ } ∈ sec 1 T * M its dual basis. We can introduce in M several different metric fields, in particular an euclidean metric field
and also a Lorentzian metric field
of signature 7 −2. We denoted byg E ,g ∈ sec T 2 0 M metrics on the cotangent bundle such that
Moreover, we denote byg the extensor field
Of course we can introduce in the structure (M,g E ) [respectively (M,g E )] the Clifford bundles 9 Cℓ(M, g E ) [respectively Cℓ(M,g)] and of course, we have that T * M , the bundle of exterior forms is such that
Following the ideas presented in [3] the gravitational field generated by an energy-momentum tensor T ∈ sec T 0 2 M is represented by a gauge extensor (deformation extensor)
such that putting
The set {g a } are called gravitational potentials. We introduce in M the field g ∈ sec T 0 2 M according to the definition
If {e a } ∈ sec T M is the dual basis of {g a } we define a field g ∈ sec T (M, g) is the spin structure bundle and R 1,3 ≃ H(2) is the so called spacetime algebra. We recall that we also have that T * M = 4 r=0 r T * M ֒→ Cℓ(M, g). Given the structure (M,g E ) with T * M ֒→ Cℓ(M,g) we denoted by g := h †g E h the extensor field
We define for a, b ∈ sec 1 T * M,g E (a, b) := a • b. 9 Cℓ(M, g E )has been called in [2] the canonical agebra. 10 Details in [14] . 11 The h extensor field produces a plastic distortion of the Lorentz vacuum (which is defined as the Minkowski spacetime structure). Details in [3] .
12 A general section of Cℓ(M, g) is a sum of nonhomogeous differential forms, called multiform fields or Clifford fields.
Also, given the structure (M,g) with T * M ֒→ Cℓ(M,g) we may denote by g := h † h the extensor field
The above relations are essential for the formalism used in [3] where a Lagrangian formalism for the h field is developed. Unfortunately to grasp that theory it is first necessary to have a working knowledge of the (nontrivial) mathematical theory of extensor fields and extensor functionals. So in this paper we present the gravitational theory formulated through the gravitational potentials g a (which is a relatively simple theory) for which the Lagrangian density given by Eq. (2) is postulated.
With a, b ∈ sec 1 T * M ֒→ Cℓ(M, g) we have the fundamental relation
and moreover
A general section of Cℓ(M, g) is written as a sum of nonhomogeneous differential forms, i.e.,
where the symbol J denotes collective indices. Recall, e.g., that
The scalar product (·) and the exterior product extend to all sections of Cℓ(M, g) and here we distinguish the scalar product from the operations of left and right contractions. We have for for any X, Y ∈ sec Cℓ(M, g)
and for arbitrary multiforms X, Y, Z ∈ sec Cℓ(M, g) the left and right contractions of X and Y are the mappings
A. . Below we give a dictionary that one can use to immediately translate results of the standard matrix formalism in the language of the Clifford bundle formalism and vice-versa. This dictionary will help the reader to compare the result we found for the energy-momentum tensor of the Dirac field in the presence of a gravitational field with other results on that subject that he may find in the literature.
where γ a , a =0, 1, 2, 3 are Dirac matrices in standard representation, γ 5 = γ 0 γ 1 γ 2 γ 3 and i = √ −1.
Remark 3 Note that γ a , i1 4 and the operations and † are for each x ∈ M mappings C 4 → C 4 . Then they are represented in the Clifford bundle formalism by extensor fields which maps Cℓ 0 (M, η) → Cℓ 0 (M, η). Thus, to the operator γ a there corresponds an extensor field, call it g a : Cℓ
Remark 4 Recall that the structure (M,g,D, τg , ↑ e0 ) is Minkowski spacetime whenD is the Levi-Civita connection ofg, τg , = θ 0 ∧θ 1 ∧θ 2 ∧θ 2 defines a positive orientation for M and ↑ e0 defines a time orientation (given by the global vector field e 0 ). Also the structure (M, g, D, τ g, ↑ e0 ) is a Lorentzian spacetime when D is the Levi-Civita connection of g,
defines a positive orientation for M and ↑ e0 defines a time orientation (given by the global vector field e 0 ).
A.2 The Lie Derivative of Clifford and Spinor Fields
In [7] we give a geometrical motivated definition for the Lie derivative of spinor fields in the direction of an arbitrary smooth vector field ξ ∈ sec T M which we called the spinor Lie derivative and denoted
Also, the Lie derivative of a Dirac-Hestenes spinor field Ψ ∈ sec Cℓ
The spinor Lie derivative of a representative ψ ∈ sec Cℓ(M, g) of a Dirac-
£ ξ ψ and we have
In Eqs. (49), (50) and (51) d ξ denotes the Pfaff derivative and with ξ = g(ξ, )
with c k·· ·ab the structure coefficients of the basis {e a } of T M dual of the basis
Remark 5 Our definition of spinor Lie derivative [7] can be extended also for some cotensor fields, in particular, s £ ξ g = 0 the Lie derivative of the field g is null. This result is very important for the objective of this paper, where a variation δg a is defined as
for appropriate vector fields ξ (see below ).
Remark 6 It is very important to recall that there are several non equivalent definitions for the Lie derivative of spinor fields. Relevant references are given in In particular it is important to emphasize here that s £ ξ g = 0, i.e., the Lie derivative of the metrical field is null,which means that when varying the gravitational potentials the field g does not change..
We also recall here that is even possible [1] to give a meaning to a statement found in physical textbooks, e.g., [4, 5, 17 ] that spinor fields transform under the pullback h * mapping as scalar functions. Briefly, this is to be understood in the following way. Let g be a metric field in M and g ′ =h * g the pullback metric under a mapping h:
. This definition, a mathematical legitimate one seems to us an odd one since in particular (M, g) and (M ′ , g ′ ) are supposed in General Relativity to describe the same gravitational field even if M ′ = M (diffeomorphism invariance of the theory).
B The Energy-Momentum 1-Forms for the Dirac
Field in the Presence of a Gravitational Field
be a differentiable multiform function of a multiform variable X. We recall that the directional derivative 15 of F in the direction of W ∈ sec T * M is denoted· W · ∂ X F and we have
Moreover, the multiform derivative ∂ X F is defined by
where the symbols g J and g J are defined in Eq.(45) and ν(J) = 0, 1, 2, ... for J = ∅, j 1 , j 2 , j 3 , j 4 , ... where all indices j 1 , j 2 , j 3 , j 4 run from 0 to 3.
15 If the reader needs details in order to follow the calculations in this Appendix (which needs many "tricks of the trade" of the Clifford bundle formalism) he can consult Chapters 2 and 7 of [14] and [7] . 16 In [14] we also use the notation ∂ X F (X) = F ′ (X).
and since by definition the 1-forms of energy-momentum
T km g m of the Dirac field in the presence of the gravitational field are defined by
We get using Eq.(67) the notable relation
where 
So, using the above results we get
Remark 7 Using the dictionary (Appendix A) between the standard matrix formalism used by physicists for dealing with (covariant ) Dirac spinor fields and the formalism of this paper where these objects are represented (once we fix a spin frame) by an even section ψ of the Clifford bundle Cℓ(M, g) we immediately verify that Eq.(74) coincides, e.g. with the result reported in [8] .
